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Some new oscillation criteria for the first-order delay differential equation
xX t q p t x t t s 0, t G t , t t - tŽ . Ž . Ž . Ž .Ž . 0
are established in the case where
1 1t t
p s ds G and lim p s ds s .Ž . Ž .H He eŽ . Ž .t“‘t t t t
ŽAn open problem by A. Elbert and I. P. Stavroulakis 1995, Proc. Amer. Math. Soc.
.123, 1503]1510 is solved. Q 2000 Academic Press
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1. INTRODUCTION
The qualitative properties of the solutions of the delay differential
equation
xX t q p t x t t s 0, t G t 1Ž . Ž . Ž . Ž .Ž . 0
1 This project is supported by the NNSF of China.
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Ž . Ž . Ž .where p t G 0, t t - t, and lim t t s ‘, have been the subject oft “‘
w xmany investigations. The first systematic study was made by Myshkis 12 .
w xSince 1950 when Myshkis 11 obtained the first oscillation criterion for
Ž . Ž .Eq. 1 , the oscillatory behavior of 1 has also been discussed extensively
w xin the literature. We refer to the monographs 1]3 . Now it is well known
Ž w x w x.see Ladas 4 and Koplatadze and Chanturija 13 that every solution of
Ž .1 oscillates provided that
1t
a s lim inf p s ds ) 2Ž . Ž .H et“‘ Ž .t t
or
t
b s lim sup p s ds ) 1. 3Ž . Ž .H
Ž .t tt“‘
Ž .We remark that 2 is a sharp sufficient condition which has been exten-
sively exploited in the study of the oscillation of various functional differ-
w xential equations. For example, see 1]3, 9 .
In the past decade, there have been many papers related to the improve-
Ž . Ž . w xment of conditions 2 and 3 . The readers are referred to 5]9 . In
w x Ž .particular, Yu and Wang 9 proved that every solution of 1 is oscillatory
if
1 2'a F 1re and b ) 1 y 1 y a y 1 y 2a y a , 4Ž .Ž .2
Ž .which improves condition 3 .
w x w xElbert and Stavroulakis 5 and Li 6 obtained sharper sufficient condi-
Ž .tions for the oscillation of 1 under the assumption
1t
p s ds G , 5Ž . Ž .H eŽ .t t
Ž .which improves condition 2 .
w x w xRecently, Li 14 and Tang and Shen 10 established some new oscilla-
Ž . Ž .tory criteria for 1 without condition 5 . These results further improve
many known results in the literature.
Ž . Ž . Ž .In connection with the delay function t t in 1 we assume that t t is
w . y1Ž . Ž y1Ž . .strictly increasing on t , ‘ and its inverse is t t t t ) t . Let0
yk Ž . w .t t be defined on t , ‘ by0
tyŽ kq1. t s ty1 tyk t , k s 1, 2, . . . , 6Ž . Ž . Ž .Ž .
and let
t s tyk t , k s 1, 2, . . . . 7Ž . Ž .k 0
Clearly t “ ‘ as k “ ‘.k
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Ž .We assume that the coefficient p t is a piecewise continuous function
Ž .and satisfies 5 . To the best of our knowledge, the best result on the
Ž . w xoscillation of 1 is obtained by Elbert and Stavroulakis 5 in the case
when
t t
p s ds G 1re and lim p s ds s 1re. 8Ž . Ž . Ž .H H
t“‘Ž . Ž .t t t t
They are the following Theorems A and B:
Ž . Ž x ŽTHEOREM A. Assume that p t g A for some l g 0, 1 the definitionl
w x.of A is found in 5 and eitherl
‘ 1 2ti
l lim sup k p s ds y ) 9Ž . Ž .Ý Hž /e etk“‘ iy1isk
or
‘ 1 1ti
l lim inf k p s ds y ) . 10Ž . Ž .Ý Hž /e 2 ek“‘ tiy1isk
Ž .Then e¤ery solution of 1 oscillates.
Ž . Ž . Ž . Ž .THEOREM B. Let t t s t y 1, p t s 1re q a t , and t s 1 in 1 .0
Assume that
a t F 1r8et 2 . 11Ž . Ž .
yt'Ž . Ž .Then 1 has a solution x t G t e .
Remark 1. For the following equation
xX t q 1re q Ktya x t y 1 s 0, t G 1. 12Ž . Ž . Ž . Ž .
Ž .By Theorems A and B, we see that every solution of 12 oscillates for any
Ž .K ) 0 if 0 F a - 2 or K ) 1r2 e if a s 2. On the other hand, 12 has a
nonoscillatory solution for any 0 - K - 1r8e if a s 2 or K ) 0 if a ) 2
or K F 0. Clearly there is a gap between 1r2 e and 1r8e; therefore, Elbert
w xand Stavroulakis posted the following open problem in 5 .
Ž . Ž .Problem C. Can the bounds in conditions 9 and 10 of Theorem A
can be replaced by smaller ones?
Our aim in this paper is to solve the above open problem. The main
results are the following.
Ž .THEOREM 1. Assume that 5 holds, and
‘ 1 1t
lim sup k p t p s ds y dt ) . 13Ž . Ž . Ž .H H 2ž /e eŽ .t t tk“‘ k
Ž .Then e¤ery solution of 1 oscillates.
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Ž . Ž . Ž . Ž .THEOREM 2. Let t t s t y t , p t s 1ret q a t , t ) 0, and a t G 0
Ž .in 1 . Assume that
‘ t
lim inf t a s ds ) . 14Ž . Ž .H 8et“‘ t
Ž .Then e¤ery solution of 1 oscillates.
Ž .Remark 2. Theorems 1 and 2 remove the condition p t g A inl
Ž . Ž xTheorem A. If p t g A for some l g 0, 1 , thenl
1 1t tkq1p s ds y G l p s ds y G 0Ž . Ž .H Hk ž /e eŽ .t t tk
for t - t F t , k s 1, 2, . . . ,k kq1
where lim l s l. It follows thatk “‘ k
‘ 1t
k y 1 p t p s ds y dtŽ . Ž . Ž .H Hž /eŽ .t t tky1
‘ 1t tiq1s k y 1 p t p s ds y dtŽ . Ž . Ž .Ý H Hž /eŽ .t t tiisky1
‘ 1t tiq1 iq1G k y 1 l p s ds y p t dtŽ . Ž . Ž .Ý H Hi ž /et ti iisky1
‘k y 1 1tiq1G l p s ds yŽ .Ý Hi ž /e etiisky1
‘k y 1 1tis ? k l p s ds y .Ž .Ý Hiy1 ž /ek etiy1isk
Therefore
‘ 1 1ti
l lim sup k p s ds y ) 15Ž . Ž .Ý Hž /e etk“‘ iy1isk
Ž . Ž . Ž .implies 13 . We remark that the bound 1re in 15 is a half of 2re in 9 .
Ž . Ž . Ž .Remark 3. If t t ’ t y t and p t ’ 1ret q a t , then t s t q ktk 0
Ž . Ž .for k s 1, 2, . . . . For t q k y 2 t s t - t F t s t q k y 1 t , k0 ky2 ky1 0
s 2, 3, . . . ,
‘ ‘t t q k y 2 tŽ .0
a s ds G a s dsŽ . Ž .H H
t t Ž .t t q ky1 t0
‘2 t 1t0 is 1 y q k p s ds y .Ž .Ý Hž / ž /k kt etiy1isk
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Therefore
‘ 1 1tilim inf k p s ds y ) 16Ž . Ž .Ý Hž /e 8ek“‘ tiy1isk
Ž . Ž .implies 14 . We remark that the bound 1r8e in 16 is also a quarter of
Ž .1r2 e in 10 .
Ž .Remark 4. For Eq. 12 , by Theorem 2 and Theorem B we have that
Ž .every solution of 12 oscillates if and only if K ) 0 and a - 2 or
Ž .K ) 1r8e and a s 2. This shows that condition 14 is unimprovable in
that sense.
1‘ tŽ .Ž Ž . . Ž .Remark 5. If H p t H p s ds y dt s ‘, condition 13 holds nat-t t Ž t . e0
w xurally. Therefore, Theorem 1 also improves 5, Theorem 1 , and the main
w xresult in 6 .
2. SOME LEMMAS
To prove Theorems 1 and 2, we need the following lemmas.
w x Ž . Ž . Ž .LEMMA 1 5 . Assume that 5 holds and x t is a positi¤e solution of 1
w xon t , t for some k G 3. Let M, N be defined byky3 kq1
x t t x t tŽ . Ž .Ž . Ž .
M s min , N s min .
x t x tt FtFt t FtFtŽ . Ž .ky1 k k kq1
Then
21 - M F N - 2 e .Ž .
 4‘Let the sequence r be defined by the recurrence relationi is0
r s 1, r s eri r e for i s 0, 1, 2, . . . . 17Ž .0 iq1
w x  4‘ Ž .LEMMA 2 5 . For the sequence r in 17 the following relations hold:i is0
Ž .a r - r ;i iq1
Ž .b r - e;i
Ž .c lim r s e;i“‘ i
Ž . Ž .d r ) e y 2 er i q 2 .i
Ž . w . w .LEMMA 3. Assume that t ) 0 and a t : t , ‘ “ 0, ‘ is a piecewise0
Ž .continuous function and 14 holds. Then e¤ery solution of the equation
yX t q ty1 q ea t y t y t y ty1 y t s 0, t G t 18Ž . Ž . Ž . Ž . Ž .Ž . 0
oscillates.
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Proof. Suppose the contrary. Then we may assume, without loss of
Ž . Ž .generality, that there exists a solution y t such that y t ) 0 for t G t sk
Ž .t q kt for some k ) 0. Rewrite 18 as0
X
ty1y t y t y s ds q ea t y t y t s 0, t G t . 19Ž . Ž . Ž . Ž . Ž .H kž /tyt
w xBy 15, Lemma 1 we have eventually
D t Xy1z t s y t y t y s ds ) 0 and z t F 0. 20Ž . Ž . Ž . Ž . Ž .H
tyt
Let k G k q 1 such that the inequalities above hold for t G t s t q k t .1 k 0 11y1  Ž . 4Set M s 2 min y t : t y t F t F t . We claim thatk k1 1
y t ) M for t G t y t . 21Ž . Ž .k1
Ž . U  Ž . 4In fact, if 21 does not hold, we may let t s inf t ) t : y t F M suchk1
Ž . U Ž U . Ž .that y t ) M for t y t F t - t and y t s M. By 20 we havek1
tUU y1M s z t q t y s ds ) M .Ž . Ž .H
Ut yt
Ž . Ž .This is a contradiction and so 21 holds. Let lim z t s l. There existt “‘
two possible cases:
Ž .Case 1. l s 0. Let k ) k such that z t - Mr4 for t G t s t q k t .2 1 k 0 22
Then for any t G t , we havek 2
tqty1 w xy t ) 2t z s ds for t g t , t q t .Ž . Ž .H
t
XŽ . Ž .Case 2. l ) 0. Noting that z t F 0 for t G t , we have z t G l fork1
Ž . Ž .t G t . From 20 and 21 we getk1
ty1y t G l q t y s ds G l q M , t G t .Ž . Ž .H k1
tyt
By the induction, one can easily show that
y t G nl q M , t G t q n y 1 t , n s 1, 2, . . . ,Ž . Ž .k1
Ž .and so lim y t s ‘, which implies that there is a k ) k such thatt “‘ 3 2
tqty1y t ) 2t z s ds, t g t , t q t .Ž . Ž .H k k3 3
tk3
OSCILLATION OF EQUATIONS 253
Combining cases 1 and 2, we see that there exists a T ) t such thatk 2
tqty1 w xy t ) 2t z s ds, t g T , T q t .Ž . Ž .H
T
Now we prove that
tqty1y t ) 2t z s ds for t G T . 22Ž . Ž . Ž .H
T
Ž . UIf 22 does not hold, then we may define T by
tqtU y1T s inf t G T q t : y t F 2t z s dsŽ . Ž .H½ 5
T
and so
tqt Uy1 wy t ) 2t z s ds for t g T , T andŽ . Ž . .H
T
TUqtU y1y T s 2t z s ds.Ž . Ž .H
T
Ž .By 20 we have
TUqty12t z s dsŽ .H
T
TUU y1s z T q t y s dsŽ . Ž .H
UT yt
U sqtTU y2) z T q 2t ds z j djŽ . Ž .H H
UT yt T
TUqt T UqtU Uy1 y2s z T q 2t z s ds y 2t s y T z s dsŽ . Ž . Ž . Ž .H H
UT T
TUqt T UqtU U Uy1 y2G z T q 2t z s ds y 2t z T s y T dsŽ . Ž . Ž . Ž .H H
UT T
TUqty1s 2t z s ds.Ž .H
T
Ž . Ž .This is a contradiction and so 22 holds. From 22 we obtain
ty1y t y t ) 2t z s ds for t G T q t . 23Ž . Ž . Ž .H
T
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Ž . t Ž . XŽ . Ž . YŽ . XŽ . Ž . Ž .Let u t s H z s ds; then u t s z t , u t s z t . From 19 , 20 , andT
Ž .23 we have
uY t q 2ty1ea t u t F 0, t G T q t . 24Ž . Ž . Ž . Ž .
Ž .This shows that inequality 24 has an eventually positive solution. On the
w x Ž . Ž .other hand, by a known result in 16 , condition 14 implies that 24 has
no eventually positive solution. This contradiction completes the proof.
3. PROOFS OF THEOREMS
Proof of Theorem 1. Suppose the contrary. Then we may assume,
Ž .without loss of generality, that there exists a solution x t such that
Ž .x t ) 0 for t G t for some m G 3. Setmy 3
w t s x t t rx t for t G t . 25Ž . Ž . Ž . Ž .Ž . my 2
Ž . Ž .Then w t G 1 for t G t . From 1 we havemy 2
t
w t s exp p s w s ds , t G t . 26Ž . Ž . Ž . Ž .H my 1ž /Ž .t t
 4‘Let the sequence N be defined byi is0
N s min w t : t F t F t , i s 0, 1, 2, . . . . 27 4Ž . Ž .i mqiy1 mqi
By Lemma 1 we have
1 - N F N - 4e2 for i s 0, 1, 2, . . . . 28Ž .i iq1
 4‘This shows that the sequence N converges. Leti is0
lim N s N. 29Ž .i
i“‘
Ž . Ž . Ž .By 5 , 26 , and 27 , we have
N G exp Nre for i s 0, 1, 2, . . . , 30Ž . Ž .iq1 i
Ž .which, together with 29 , yields
N G exp Nre . 31Ž . Ž .
It is easy to check that
e x r e ) x for x / e.
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Ž . Ž .This inequality, 30 , and 31 imply that N s e and
1 - N - N - ??? - e. 32Ž .1 2
Ž . Ž .From 27 and 32 we have
w t G N for t G t , i s 0, 1, 2, . . . . 33Ž . Ž .i mqiy1
Ž .It follows from 26 that for t G tmq i
t
w t s exp p s w s dsŽ . Ž . Ž .Hž /Ž .t t
t
s exp p s w s y N ds q NreŽ . Ž .Ž .H i i
Ž .t t
1t
= exp N p s ds yŽ .Hi ž /eŽ .t t
1t t
G e p s w s y N ds q N 1 q N p s ds yŽ . Ž . Ž .Ž .H Hi i i ž /eŽ . Ž .t t t t
1t t2G e p s w s y N ds q N q N p s ds y .Ž . Ž . Ž .Ž .H Hi i i ž /eŽ . Ž .t t t t
Thus
t
p t w t y N y ep t p s w s y N dsŽ . Ž . Ž . Ž . Ž .Ž . Ž .Hi i
Ž .t t
1t2G N p t p s ds y ,Ž . Ž .Hi ž /eŽ .t t
t G t , i s 0, 1, 2, . . . . 34Ž .mq i
Ž .Integrating the both sides of 34 from t to T ) t with n G i q 1mq i mqn
T T t
p t w t y N dt y e p t p s w s y N ds dtŽ . Ž . Ž . Ž . Ž .Ž . Ž .H H Hi i
Ž .t t t tmq i mq i
1T t2G N p t p s ds y dt for i s 0, 1, 2, . . . . 35Ž . Ž . Ž .H Hi ž /eŽ .t t tmq i
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Ž . Ž .By interchanging the order of integration and using 5 and 33 , we have
T t
e p t p s w s y N ds dtŽ . Ž . Ž .Ž .H H i
Ž .t t tmq i
Ž . y1t T Ž .t ts e p t w t y N p s ds dtŽ . Ž . Ž .Ž .H Hi
t tmq i
t y1Ž .t tmq iq e p t w t y N p s ds dtŽ . Ž . Ž .Ž .H Hi
t tmq iy1 mq i
T T
q e p t w t y N p s ds dtŽ . Ž . Ž .Ž .H Hi
Ž .t T t
Ž . T Tt TG p t w t y N dt q e N y N p t p s ds dtŽ . Ž . Ž . Ž . Ž .Ž .H H Hi n i
Ž .t t T tmq i
Ž .t TG p t w t y N dt q N y N r2 e.Ž . Ž . Ž .Ž .H i n i
tmq i
Ž .It follows from 35 that
T
p t w t y N dt y N y N r2 eŽ . Ž . Ž .Ž .H i n i
Ž .t T
1T t2G N p t p s ds y dt , i s 0, 1, 2, . . . ,Ž . Ž .H Hi ž /eŽ .t t tmq i
or
1T t2ln w T y N q N r2 e G N p t p s ds y dt ,Ž . Ž . Ž . Ž .H Hn i i ž /eŽ .t t tmq i
i s 0, 1, 2, . . . . 36Ž .
w x Ž .Let T g t , t such that w T s N for n s 1, 2, . . . . Setn mqn mqnq1 n nq1
Ž . Ž .T s T in 36 and taking the superior limit as n “ ‘ we get from 36n
‘e y N 1ti 2G N p t p s ds y dt , i s 0, 1, 2, . . . . 37Ž . Ž . Ž .H Hi ž /2 e eŽ .t t tmq i
Ž . Ž .Comparing 17 with 30 , we can obtain by induction
N ) r s 1, N ) r for i s 1, 2, . . . .0 0 i i
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Ž .Then by Lemma 2 d we have
e y N - e y r - 2 er i q 2 .Ž .i i
Ž .Multiplying 37 by m q i we obtain
‘m q i 1t2G N m q i p t p s ds y dt ,Ž . Ž . Ž .H Hi ž /i q 2 eŽ .t t tmq i
i s 0, 1, 2, . . . .
Taking the superior limit as i “ ‘ we get
‘ 1t21 G e lim sup k p t p s ds y dt ,Ž . Ž .H Hž /eŽ .t t tk“‘ k
Ž .which contradicts 13 . The proof is complete.
Proof of Theorem 2. Suppose the contrary. Then we may assume that
Ž . Ž .there exists a solution x t such that x t ) 0 for t G t for some k ) 0.k
Set
¤ t s x t etrt for t G t . 38Ž . Ž . Ž .k
Ž .Then from 1 we have
¤ X t q ty1 q ea t ¤ t y t y ty1 ¤ t s 0, t G t . 39Ž . Ž . Ž . Ž . Ž .Ž . k
Ž . Ž .This shows that 18 has an eventually positive solution ¤ t . On the other
Ž . Ž .hand, by Lemma 3, 14 implies that 18 has no eventually positive
solution. This contradiction completes the proof.
4. AN EXAMPLE
Consider the equation
xX t q 1re q Ktya sin2 b t x t y 1 s 0, t G 1, 40Ž . Ž . Ž . Ž .Ž .
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Ž . ya 2Ž .where p t s 1re q Kt sin b t , K, a , b ) 0, and t s 1. By a simple
calculation, one can obtain
‘ ‘
ya 2t a s ds s Kt s sin b s dsŽ . Ž .H H
t t
‘ Ž .tq kq1 prb ya 2s Kt s sin b s dsŽ .Ý H
tqkprbks0
‘
yay1G 2b Kp t t q k q 1 prbŽ . Ž .Ý
ks0
‘, a F 1,
G y1 1ya2ya½ 2 a y 1 Kt 1 y prb t , a ) 1.Ž . Ž .
Therefore
‘ ‘, a - 2,
lim inf t a s ds sŽ .H ½ Kr2, a s 2.t“‘ t
Ž .Applying Theorem 2, we see that every solution of 40 oscillates for any
K ) 0 if 0 F a - 2 or K ) 1r4e if a s 2. The same conclusion, however,
cannot be inferred from Theorem A when b / np or b s np and
1r4e - K F 1re and a s 2.
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